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Abstract. In the present theoretical study, we investigate the inﬂuence of external ﬁelds (electric and/or
magnetic) on the binding energy of hydrogenic impurities in a GaAs/Ga1−xAlxAs inverse parabolic quan-
tum well, in which the parabolicity depends on the Al concentrations at the well center. Our calculations
have been based on the potential morphing method in the eﬀective mass approximation. The systematic
theoretical investigation contains results with all possible combinations of the involved parameters, as
quantum well width, Al concentrations at the well center, position of the impurity and magnitudes of the
external ﬁelds.
PACS. 68.65.Fg Quantum wells – 61.72.-y Defects and impurities in crystals; microstructure – 83.60.Np
Eﬀects of electric and magnetic ﬁelds
1 Introduction
One of the main motivations behind the widespread in-
terest in the physics of semiconductor hetero-structures
lies in the ability of producing quantum conﬁned sys-
tems where carriers are restricted to move in less than
three dimensions. Structures produced by ultrathin-ﬁlm
growth are inherently two dimensional, as we grow one
layer after the other. In these two dimensional structures,
known as quantum well, only one direction (the growth di-
rection) is quantized. Several investigations, experimental
and theoretical have been devoted to this kind of hetero-
structures [1–3]. Due to their small size these structures
present physical properties that are quite diﬀerent from
those of the bulk semiconductor constituents [2–5].
Owing to advances in nanofabrication technology, it
has become possible to manufacture high-quality semi-
conductor quantum wells with desired shape of the
conﬁnement potential. Apart from the well-known and
well-studied quantum well hetero-structures (QWHs),
which have square [3,6] and parabolic [3,7–10] poten-
tial shape, cases of QWHs with half parabolic [11],
graded [12], V-shaped [13] and inverse parabolic quantum
well (IPQW) potential shape [14–19] have been produced
and studied.
Among the most important technological advances in
the development of semiconductors as electronic mate-
rials, is the ability to introduce impurities directly into
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the lattice. The hydrogenic impurities play a crucial role
in the design of nano-structured semiconductor materi-
als, due to the fact that they aﬀect strongly their optical
and electronic properties, such that to suit the engineer’s
needs [3,9,18,20–28]. In addition, their inﬂuence can be
controlled by the presence of external ﬁelds. Several ar-
ticles have been published on the inﬂuence of external
static (electric and magnetic) ﬁelds on hydrogenic impu-
rities [10–13,17–19,29–35].
Especially, the IPQW give the possibility to realize
high-performance optoelectronic devices. One reason for
this has to do with the fact that is has a much larger ampli-
tude reduction rate of the excitonic resonance than quan-
tum wells of other shape. This originates from the quicker
decrease in the overlap of the electron and heavy hole
wave functions with the applied electric ﬁeld. Actually
this feature is much desirable for the quantum-conﬁned
ﬁeld-eﬀect light emitter and in the study of the conﬁned
Stark eﬀect [15]. Although IPQW presents large interest,
the existing literature on its fundamental physical prop-
erties is very limited [14–19].
In the present work, we study for the ﬁrst time the
inﬂuence of a magnetic ﬁeld-perpendicular and/or paral-
lel to the growth direction as well of a DC electric ﬁeld
along the growth direction on the binding energy of the hy-
drogenic impurities in a GaAs/Ga1−xAlxAs IPQW, with
diﬀerent widths as well as diﬀerent Al concentrations at
the well center. Introduction of magnetic ﬁelds with var-
ious directions (parallel or perpendicular to the growth




Fig. 1. Schematic shape of the inverse parabolic quantum well
for various values of the σ-parameter (see Eq. (2), the well has
width L).
direction) produces diﬀerent kinds of conﬁnement and
therefore gives diﬀerent behaviors of the hydrogenic impu-
rity binding energy as a function of the impurity position.
Our calculations will be based on the potential morph-
ing method (PMM) [27,33,36,37], an accurate numerical
method which has been developed in order to solve the
time independent Schro¨dinger equation for any arbitrary
interaction potential.
2 Theory
The Hamiltonian of the system in three-dimensions is











+ V (ze)− e
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+ eE(ze − zi) (1)
where E is magnitude of the external electric ﬁeld which





vector potential, re is the position vector of the electron,
ri is the position vector of the impurity and B the applied
magnetic ﬁeld. The origin of the x-y plane has been de-
ﬁned on the donor atom for convenience and without loss
of generality. ze is the position of the electron along the
z-axis, zi is the position of the impurity along the z-axis
and V (ze) is the conﬁnement potential proﬁle for the elec-














, |ze| ≤ L/2
V0 |ze| > L/2
(2)
where σ = xmax/xc (xmax is the constant Al concen-
tration at the barriers, xc the Al concentration at the
well center), V0 is the band discontinuity for xmax =
0.3 [15,17], V0/σ is the maximum value of the potential
at the center of IPQW and L is the width of IPQW. The
conﬁnement potential is plotted in Figure 1, for the three
values of σ used in our calculations. The case with the
largest σ(=100), is practically a square well.
In order to obtain the ground state of the Hamilto-
nian (1), we are using the PMM method with initial wave-
function the ground state of the usual three dimensional
harmonic oscillator. Furthermore, the binding energy is
deﬁned as follows
Eb = E0 − E (3)
where E is the energy which corresponds to Hamiltonian
(Eq. (1)) and E0 is the energy without Coulomb interac-
tion (absence of third term in Hamiltonian of Eq. (1)).
The material parameters which have been used in
our calculations are the following [17,38]: m∗e = 0.067m0
(where m0 is the free electron mass), ε = 12.5 (consid-
ering that there is no dielectric constant mismatch) and
V0 = 228 meV [17]. As for the GaAs system the Bohr ra-
dius is such that it contains a signiﬁcant number of atoms,
it is apparent that the electromagnetic properties of the
nanostructure are quite similar to the bulk material and
the use of the static dielectric constant (ε = 12.5) is legit-
imate.
3 Results and discussion
First, in order to check the validity of our method and the
eﬀectiveness of our PMM codes in the case that an exter-
nal magnetic ﬁeld is present, we estimate the E0 energy
for a system characterized by an extremely large σ(→∞),
which (for vanishing external electric ﬁeld) is identical to
the prototype system studied in the book by Paul Harri-
son [3] and we ﬁnd excellent agreement (Fig. 2.40 at p. 70
in Ref. [3]).
3.1 Zero electric field
3.1.1 Zero magnetic field
We start with the case with the largest σ(=100), which is
practically a square well. First we ﬁnd that as the width of
the well increases the binding energy of the donor impurity
reaches its bulk value. Actually, for a value of L = 20 nm
the binding energy is already very close to the bulk value
(see solid curve in Fig. 2a). Moreover we ﬁnd that the
binding energy increases as the well width decreases; for
example the binding energy for an impurity at the mid-
dle of the well with width L = 20 nm is 5.70 meV and for
L = 5 nm is 20.54 meV. This is expected for the symmetric
case of an impurity in the middle of the well, as with the
decrease of the size of the well the ‘eﬀective’ Bohr radius
of the electron of the donor impurity becomes smaller, as
the region of non-vanishing wave function of the electron
decreases, and hence the Coulomb potential energy be-
comes larger. Obviously this behavior is more pronounced
for sizes of the well smaller than the impurity Bohr radius
in the bulk. As the donor Bohr radius for GaAs is 9.8 nm,
the eﬀects are stronger for L smaller than twice the Bohr
radius.
In Figure 2, we plot the binding energy of the donors
as a function of the position of the impurity in the well
for a well with L = 20 nm. In Figure 2a we clearly see
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Fig. 2. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure for various
magnetic ﬁelds. The magnetic ﬁeld is parallel to the growth
direction and there is no electric ﬁeld. The quantum well width
is 20 nm. The case studied corresponds to various shapes of the
IPQW (a) σ = 100, (b) σ = 3 and (c) σ = 1.
that for the case of square well (σ = 100), the binding en-
ergy decreases as the position of the donor becomes more
oﬀ-centered (i.e. as it approaches the barrier). This is ex-
plained once we understand that the ‘eﬀective‘ Bohr ra-
dius becomes larger for donors closer to the barrier. This
means that once the donor is at the middle of the well the
‘eﬀective’ Bohr radius is of the order of L/2, but once it
is very close to the edge of the well the ‘eﬀective’ Bohr
radius is larger (it has a vanishing probability for enter-
ing remote regions in the barrier but on the contrary the
electron can reach all the region in the well, with size of
order of L).




















Fig. 3. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure for various
magnetic ﬁelds. The magnetic ﬁeld is parallel to the growth
direction and there is no electric ﬁeld. The quantum well width
is 5 nm. The case studied corresponds to various shapes of the
IPQW (a) σ = 100 and (b) σ = 3.
From Figures 2b and 2c we observe that once the shape
of the well changes, the behavior of the binding energy as a
function of the position changes. For σ = 3 (solid curves in
Fig. 2b), where the deviation from the ﬂat structure is not
very signiﬁcant, the behavior is similar to the one observed
for ﬂat well structure (solid curves in Fig. 2a). We only ﬁnd
that when the impurity is placed in the region around the
center the binding energy is practically unchanged (region
[−L/4, L/4]). But for the case with large deviation from
the ﬂat structure (σ = 1, see Fig. 2c), we ﬁnd that the
maximum of the binding energy is achieved for oﬀ-center
positions of the donor. This is explained once we realize
that the central region of the well, in this inverse parabolic
well for small σ is a forbidden region for the electron (see
Fig. 1, σ = 1). Actually the smaller the σ-parameter is
the larger the region in the middle of the well that acts as
a barrier. For low values of σ, it is practically as we have
a symmetric two wells structure (see Fig. 1). With this in
mind it becomes obvious why the maximum of the binding
energy occurs at symmetric position close to the middle of
these symmetric two well structures (i.e. it is as we have
Fig. 2a repeated twice since we now have practically two
wells).
In Figure 3, we investigate the case of L = 5 nm. First
we conﬁrm that the binding energy increases as the size
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of the well decreases (compare Figs. 2 and 3). Then, in
this case (L = 5 nm) for vanishing electric and magnetic
ﬁeld, we ﬁnd that for all cases the behavior is as the one
reported in Figure 2a. This means that no matter how
large is the inverse parabolic barrier (i.e. how small is
the σ-parameter), the binding energy always decreases, as
the position of the donor gets closer to the AlAs barrier.
Moreover, for L = 5 nm, we ﬁnd that by decreasing the
σ-parameter the binding energy becomes smaller (com-
pare Fig. 3a with σ = 100 and Fig. 3b with σ = 3). This
is explained by simply realizing that as the well becomes
very narrow the ground state energy of the electron be-
comes very high with a value close to the barrier potential
energy (for example for σ = 100 the ground state energy
is E0 = 130.98 meV and for σ = 3 the ground state energy
is E0 = 173.24 meV). This results in having an electron
wavefunction that penetrates greatly into the barrier (even
the barrier of the inverse parabolic region) and therefore
the Coulomb interaction diminishes.
3.1.2 Magnetic field parallel to the growth direction
For an applied magnetic ﬁled parallel to the growth di-
rection (z-axis) the vector potential A can be written in
the form A (re) = − (re ×Bzˆ) /2 = (−Bye/2, Bxe/2, 0).
The presence of the vector potential changes the kinetic
energy of the electrons, but not the eﬀective potential.
This is still a symmetric potential, as it is expected for
the present system. In Figures 2 and 3, we plot the bind-
ing energy of the system as a function of the position of
the impurity. As the potential is symmetric with respect
to the middle of the well, we expect and ﬁnd all plots to
be symmetric.
We ﬁnd that as the magnetic ﬁeld increases the binding
energy increases. First we think that the increase of the
binding energy with the presence of the ﬁeld comparing to
the case of no ﬁeld, is expected, as a magnetic ﬁeld parallel
to the growth (z-axis) results in a restriction of the mo-
tion of the electron in the x-y plane. Having in mind that
cyclotron frequency is proportional to B and cyclotron
radius is inverse proportional to B, we can describe the
observed behavior in two terms. One way of reasoning, is
by realizing that for B parallel to zˆ, the ‘eﬀective’ Bohr
radius of the ground state reduces. The other way, is by ob-
serving that kinetic term is increased (see Eq. (1)), which
is eﬀectively equivalent to a decrease of the ‘eﬀective’ Bohr
radius. For the case of L = 20 nm, we observe that the
binding energy increases much more for on-center donors
than for oﬀ-center donors for rather ﬂat wells (Figs. 2a
and 2b) and that the binding energy increases much more
for donors at positions close to ±L/2 than for donors at
other positions for non-ﬂat wells (Fig. 2c). This is due to
the fact that the conﬁnement (presence of the barrier close
to the impurity) is much more important than the eﬀect
of the ﬁeld for very oﬀ-centered donors. This is in accor-
dance to the picture we see for the case L = 5 nm (where
the barrier eﬀect is the major one).
But for the L = 5 nm case, the results suggest that
the motion of the electron captured by the donor nucleus
does not depend on the strength of the magnetic ﬁeld.
This is happening because in this case the restriction of the
motion is mainly due to the conﬁnement set by the barriers
and not by the magnetic ﬁeld (only minor changes are
observed in the plots, with the correct trend, see Fig. 3b).
3.1.3 Magnetic field perpendicular to the growth direction
For an applied magnetic ﬁled vertical to the growth direc-
tion (for example, parallel to the x-axis) the vector poten-
tial A can be written in the form A = (0, Bze/2,−Bye/2).
We restrict to the case of L = 20 nm (Fig. 4), as the case of
L = 5 nm does not shows any interesting eﬀects (behavior
similar to the case of parallel magnetic ﬁeld, see Fig. 3).
In the study of this case we observe two interesting
results. First, the increase in the binding energy with the
increase of the applied magnetic ﬁeld is always smaller in
this case comparing to the case where the ﬁeld is parallel
to the growth direction. This is expected as the magnetic
ﬁeld produces a parabolic conﬁnement along the direc-
tions perpendicular to the ﬁeld direction. Hence in the
case of B parallel to zˆ the magnetic ﬁeld produces a con-
ﬁnement along the x- and y-directions and leaves the third
direction (z) being restricted exclusively by the well con-
ﬁnement. But in the case of B parallel to xˆ the magnetic
ﬁeld produces a parabolic conﬁnement along the y- and an
additional conﬁnement along z-directions and leaves the
third direction (x) being practically unrestricted. More-
over, as σ decreases the binding energy decreases. This
result is in agreement with the ﬁnding of the previous
case study ( B parallel to zˆ, see Figs. 2a and 2b). Addi-
tionally as is clearly seen from Figure 4a, an increase of
the magnetic ﬁeld increases the binding energy for ﬂat
wells. A decrease also of the σ-parameter (σ = 3) does
not change the above mentioned behavior as is shown in
Figure 4b. For very large magnetic ﬁelds (B = 30 T) the
binding energy also increases but now in the plot appear
two maxima with a value at zi = 0 equal to the binding
energy which corresponds to the other two magnetic ﬁelds,
B = 0 and B = 15 T. This is expected due to the fact, as
is also shown in the insets of Figure 4b, that it is possible
to have a bound state at the point ze = 0 where the con-
ﬁnement from the external applied magnetic ﬁeld is equal
to zero. Finally, in Figure 4c, the case of σ = 1 shows that
increase of the magnetic ﬁeld decreases the binding energy.
For the ground states with energy below the barrier this
behavior is due to the fact that an increase of the mag-
netic ﬁeld creates electron wavefunctions which penetrate
greatly into the barrier and therefore the binding energy
decreases (case 1 in inset of Fig. 4c). For the ground states
with energy above the barrier the observed behavior can
be attributed to the fact that the electron “sees” a (eﬀec-
tive) larger well (case 2 in inset of Fig. 4c). We point out,
that our ﬁndings are in agreement with results reported
by other researchers in reference [17].




Fig. 4. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure. All parameters
and cases studied are as in Figure 2, but the direction of the
magnetic ﬁeld is along the x-direction.
3.2 Finite electric field
First we study the case of zero magnetic ﬁeld [18]. Once we
have a non-zero electric ﬁeld the quantum well structure
becomes asymmetric. Presenting results for very narrow
well, L = 5 nm, in Figure 5 and relatively wide well, L =
20 nm in Figure 6, we see that the eﬀect of the asymmetry,
depends strongly on the size of the well. For the case σ =
3, we clearly see from Figure 5 (L = 5 nm) that in order
the electric ﬁeld eﬀects to be signiﬁcant we need to apply
a rather strong ﬁeld. This is due to the fact that for such a
narrow well the conﬁnement is the most important factor
σ
Fig. 5. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure for various
electric ﬁelds. The magnetic ﬁeld is zero. The quantum well




Fig. 6. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure shapes of the
well. The magnetic ﬁeld is zero and the electric ﬁeld is 6 ×
105 V/m. The quantum well width is 20 nm.
on the binding energy. On the contrary, as it is seen in
Figure 6 for the well with width L = 20 nm, for even
a rather low ﬁeld (E = 6 × 105 V/m), the eﬀect on the
binding energy is signiﬁcant. They are even present in the
case of ﬂat well (dotted curve in Fig. 6). This is explained
by means of Figure 7c, where we see that the presence of
an electric ﬁeld changes the shape of the well so that it is
like we have two wells, the one with lower energy than the
other (one is deeper).
242 The European Physical Journal B
Fig. 7. Schematic shape of the inverse parabolic quantum well
for σ = 3 and various electric ﬁelds. (a) E = 6 × 105 V/m,
L = 20 nm, (b) E = 6×105 V/m, L = 5 nm, (c) E = 107 V/m,
L = 20 nm and (d) E = 107 V/m, L = 5 nm.
3.2.1 Magnetic field parallel to the growth direction
In Figure 8 we plot the cases with magnetic ﬁled paral-
lel to the growth direction for a well width L = 20 nm.
In the study of this case we report two signiﬁcant ﬁnd-
ings. First, as we have explained before, the asymmetry,
which appears in the form of the binding energy arises
from the asymmetric form of the quantum well, even in
the presence of a rather low ﬁeld (E = 6×105 V/m). This
asymmetry of the well (which is more clear for the case
σ = 1) causes a localization of the electron wavefunction
on the left hand side of the well (which is deeper) and
therefore this results in an increase of the binding energy
in contrast with the right hand side where the binding
energy decreases. Second, as the magnetic ﬁeld increases
the binding energy increases for the same reasons we have
explained in Section 3.1.2.
3.2.2 Magnetic field perpendicular to the growth direction
For this case we have depicted in Figure 9 the behav-
ior of the binding energy as a function of the impurity
position for σ = 100, 3, 1. As is seen from Figure 9a
(σ = 100) an increase of the magnetic ﬁled causes an
increase of the binding energy but this increase is smaller
than the corresponding value for a magnetic ﬁeld paral-
lel to the growth direction which this is attributed to the
larger conﬁnement which is caused by the parallel mag-
netic ﬁeld. Furthermore, as is seen from Figure 9b (σ = 3)
for position of the impurity at the left hand side of the
well, as the magnetic ﬁeld increases the binging energy
increases. But for positions of the impurity at the right
hand side, as magnetic ﬁeld increases the binding energy
decreases. This is due to the asymmetry of the potential
which increases the possibility to have states which pene-




Fig. 8. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure for various
magnetic ﬁelds. The magnetic ﬁeld is parallel to the growth di-
rection and the electric ﬁeld is E = 6×105 V/m. The quantum
well width is 20 nm. The case studied correspond to various
shapes of the IPQW (a) σ = 100, (b) σ = 3 and (c) σ = 1.
magnetic ﬁeld for positions of the impurity on the right
side of the well. Additionally, as we have explained before
in Section 3.1.3, for positions of the impurity around zero
the binding energies for the three values of the magnetic
ﬁeld are equal. Finally as is shown in Figure 9c (σ = 1),
for positions of the impurity on the left side of the well, an
increase of the magnetic ﬁeld decreases the binding energy
due to the fact that an increase of the magnetic ﬁeld cre-
ates electron wavefunction, which penetrate greatly into




Fig. 9. Impurity binding energies as a function of the scaled
position of the impurity in the IPQW structure for various
magnetic ﬁelds. The magnetic ﬁeld is perpendicular to the
growth direction and the electric ﬁeld is E = 6 × 105 V/m.
The quantum well width is 20 nm. The case studied corre-
sponds to various shapes of the IPQW (a) σ = 100, (b) σ = 3
and (c) σ = 1.
the barrier. But for positions of the impurity on the right
side the above mentioned behavior appears for magnetic
ﬁelds greater than 25 T (not shown).
In the cases studied in Figures 8 and 9, the major
diﬀerence is related to the trends of the binding energy
with magnetic ﬁeld magnitude (i.e. as the magnetic ﬁeld
increases the same occurs for the binding energy for mag-
netic ﬁeld parallel to the growth direction, but for di-
Fig. 10. Schematic shape of the inverse parabolic quantum
well with width L = 20 nm for σ = 1 and electric ﬁeld E =
6×105 V/m. (a) magnetic ﬁeld parallel to the growth direction
(any ﬁeld value gives the same shape in the z-direction) and
(b) magnetic ﬁeld perpendicular to the growth direction, B =
30 T.
rection of the ﬁeld perpendicular to the growth direction
the opposite occurs). This behavior is understood in two
terms. First, by means of the fact that the system of Fig-
ure 8 is more conﬁned (conﬁnement in three directions)
comparing to the system of Figure 9 (conﬁnement in two
directions, i.e. y- and z-direction if the ﬁeld is along x-
axis). Second, the diﬀerence can be understood by means
of Figure 10, where we show the shape of the eﬀective po-
tential that feels an electron in the IPQW structure when
both ﬁelds are applied. The basic diﬀerence is found in
states assigned as case2 in Figure 10, which describe cases
with energies larger than the height of the ‘natural’ bar-
rier (V0 = 228 meV). In the system with magnetic ﬁeld
parallel to the growth direction, case2 does not correspond
to bound states (Fig. 10a). On the contrary, in the system
with magnetic ﬁeld perpendicular to the growth direction,
case2 describes bound states (conﬁned by the parabolic
potential along the z-direction, Fig. 10b). As is easily seen
for this case the eﬀective width of the well increases and
therefore the binding energy decreases comparing with the
case where magnetic ﬁeld is equal to zero.
4 Conclusions
Using the potential morphing method in the eﬀective
mass approximation, we have studied fundamental phys-
ical properties of a GaAs/Ga1−xAlxAs inverse parabolic
quantum well, by investigating the eﬀects of external ﬁelds
on the binding energy of hydrogenic impurities present
in the well. The ﬁelds applied are magnetic ﬁelds parallel
or perpendicular to the growth direction and DC electric
ﬁeld along the growth direction. We study wells of various
sizes and shapes (the shape of the inverse parabolic
quantum well is controlled by the Al concentrations at
the well center). Our results indicate, concerning the be-
havior of the binding energy as a function of the impurity
position, that the existence of the electric ﬁeld causes
an asymmetry on the binding energy, which is stronger
for intermediate conﬁnements. Furthermore we have
found that the binding energy depends strongly on the
diﬀerent Al concentrations at the well center, the length
of the quantum well as well as on the magnetic ﬁled. As
it is expected, it shows diﬀerent behavior for diﬀerent
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direction (parallel/perpendicular to the growth direction)
of the magnetic ﬁeld.
We believe that our results can be helpful not only in
the elucidation of the fundamental physics of the system
but also in the design of inverse parabolic quantum wells
with new and interesting optoelectronic properties.
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